ABSTRACT. For an MV -algebra A let J 0 (A ) be the system of all closed ideals of A ; this system is partially ordered by the set-theoretical inclusion. A radical class X of MV -algebras will be called a K-radical class iff, whenever A ∈ X and A 1 is an MV -algebra with J 0 (A 1 ) ∼ = J 0 (A ), then A 1 ∈ X. An analogous notation for lattice ordered groups was introduced and studied by Conrad. In the present paper we show that there is a one-to-one correspondence between K-radical classes of MV -algebras and K-radical classes of abelian lattice ordered groups. We also prove an analogous result for product radical classes of MV -algebras; product radical classes of lattice ordered groups were studied by Ton.
Introduction
Radical classes of lattice ordered groups were studied in [1] , [4] , [5] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [18] , [21] and [22] . Radical classes of M V -algebras and their relations to radical classes of lattice ordered groups were dealt with in [17] and [19] . In the present paper some further results in this direction are deduced.
Let us remark that each variety of lattice ordered groups is a radical class (cf. [7] ). Important results on the relations between varieties of lattice ordered groups and varieties of generalized M V -algebras were announced in [8] .
The notion of K-radical class of lattice ordered groups was introduced and studied in [4] ; cf. also [11] and [14] . The definition is recalled in Section 2 above.
For M V -algebras we apply the terminology and the notation as in [2] . Let A be an M V -algebra defined on the underlying set A. Using the operations of A , a partial order on A can be defined. We put (A; ) = (A ). Then (A ) is a bounded distributive lattice.
A subset B of A is closed if it is a closed sublattice of the lattice (A ). We denote by J 0 (A ) the system of all closed ideals of A ; this system is partially ordered by the set-theoretical inclusion.
Let X be a radical class of M V -algebras. X will be said to be a K-radical class iff, whenever A ∈ X and A 1 is an M V -algebra with J 0 (A 1 ) ∼ = J 0 (A ), then A 1 ∈ X.
The symbols K a and K m will denote the collection of all K-radical classes of abelian lattice ordered groups or the collection of all K-radical classes of M V -algebras, respectively.
In this paper we prove that there exists a bijection ϕ :
is valid.
A radical class of lattice ordered groups is a product radical class if it is closed with respect to direct products (cf. [22] ). The product radical class of M V -algebras is defined similarly.
For product radical classes of M V -algebras we prove a result analogous to that concerning K-radical classes.
Preliminaries
For lattice ordered groups we apply the notation as in [6] with the distinction that the group operation is written additively. For the sake of completeness, we recall some relevant notions (cf. [9] , [11] and [17] ).
Let G be the class of all lattice ordered groups. By considering a subclass Y of G we always assume that Y is closed with respect to isomorphisms and that the zero lattice ordered group {0} belongs to Y .
Let G ∈ G . The system of all convex -subgroups of G will be denoted by c(G); this system is partially ordered by the set-theoretical inclusion. Then c(G) is a complete lattice; the corresponding operations in c(G) are denoted by ∧ c and ∨ c . The operation ∧ c coincides with the set-theoretical intersection.
A subclass X of G is said to be a radical class if it satisfies the following conditions: a) X is closed with respect to convex -subgroups;
Let G a be the class of all abelian lattice ordered groups and let G 0 be the class of all one-element lattice ordered groups. Then G a and G 0 are radical classes of lattice ordered groups. If X is a radical class and X ⊆ G a , then X is said to be a radical class of abelian lattice ordered groups.
In [4] , for defining K-radical classes of lattice ordered groups, the notion of ideal was applied. Below we restrict ourselves to the abelian case; hence it suffices to consider convex -subgroups. We proceed as follows.
Let L 1 be a sublattice of a lattice L. Assume that whenever
be the system of all closed convex -subgroup of G. Under the partial order defined by the set-theoretical inclusion, K(G) is a complete lattice. For {G i } i∈I ⊆ K(G), in the lattice K(G) we have the relations
Let X be a radical class of abelian lattice ordered groups which satisfies the following condition:
Then X is a K-radical class of abelian lattice ordered groups.
Further, let K a be the collection of all K-radical classes of abelian lattice ordered groups. The collection K a is partially ordered by the class-theoretical inclusion.
Several equivalent systems of axioms for defining the notion of M V -algebra have been applied in the literature. Let us now apply the system from [2] . Thus an M V -algebra is defined to be an algebraic structure A = (A; ⊕, ¬, 1) of type (2, 1, 0) such that the axioms (MV1)-(MV6) from [2] are satisfied; we put ¬1 = 0.
Let a ∈ A and let A 1 be the interval [0, a] of the lattice (A ). For x, y ∈ A 1 we put x⊕ 1 y = (x+y)∧a and
In [17] , a partial binary operation on the set A was considered; in this context, an algebra A m with the underlying set A was defined and the notion of a substructure of A m was introduced. In [17, Sect. 4 ] the relations between A and A m were thoroughly studied and it was proved (cf. [17, Theorem 4.9] ) that A and A m can be identified (the distinction is only in using different systems of axioms).
From this we immediately obtain that substructures of
Let S(A ) be the system of all substructures of A ; it is partially ordered by the set-theoretical inclusion. It is obvious that the correspondence [0, a] A → a is an isomorphism of S(A ) onto the lattice (A ); hence S(A ) is a lattice.
A nonempty class Y of M V -algebras that is closed with respect to isomorphisms is a radical class of M V -algebras if the following conditions are satisfied:
Under these assumptions, M is an ideal of A . Each ideal of A is a sublattice of (A ).
We denote by J 0 (A ) the system of all closed ideals of A ; the system J 0 (A ) is partially ordered by the set theoretical inclusion.
The notion of J 0 (A ) is applied by defining the K-radical class of M V -algebras (cf. Section 1).
We conclude this section by recalling the well-known relation between unital lattice ordered groups and M V -algebras. (Cf., e.g., [2] .) Let G be an abelian lattice ordered group with a strong unit u.
For each x, y ∈ A we set
Then (A; ⊕, ¬, u) is an M V -algebra which is denoted by Γ(G, u). For each M V -algebra A there exists an abelian lattice ordered group having a strong unit u such that A = Γ(G, u).
The mapping ϕ
In the present section we prove the result on the relation between K-radical classes of abelian lattice ordered groups and K-radical classes of M V -algebras which was mentioned in Section 1. We need some lemmas.
For an -subgroup G 1 of a lattice ordered group G we put G
Ä ÑÑ 3.1º Let G 1 be a convex -subgroup of a lattice ordered group G. Then the following conditions are equivalent:
Then −x i −(y ∧ 0) 0 and −x i ∈ G + 1 for each i ∈ I. In view of the convexity of
Then i∈I z i = −z and {z i } i∈I ⊆ G 1 . Hence −z ∈ G 1 and thus z ∈ G 1 , completing the proof.
Ä ÑÑ 3.2º Let G be a lattice ordered group with a strong unit u. Assume that
Then the condition (i) from 3.1 is equivalent with the condition 
From the convexity of G 1 we obtain y k ∧ x i ∈ G 
is a closed sublattice of the lattice (A ).
P r o o f. This is a consequence of 3.2.
Let G and A be as in 3.3. We denote by J(A ) the system of all ideals of A . This system is partially ordered by the set-theoretical inclusion. For each
ÈÖÓÔÓ× Ø ÓÒ 3.4º (Cf. [17].) ψ is an isomorphism of c(G) onto J(A ).
Further, let c 0 (G) be the subsystem of c(G) consisting of all closed elements of c(G), and let J 0 (A ) be defined analogously. The partial mapping ψ c 0 (G) will be denoted by ψ 0 .
In view of 3.3 and 3.4 we have:
Let R a and R m be the collection of all radical classes of abelian lattice ordered groups or the collection of all radical classes of M V -algebras, respectively.
Let X ∈ R a . We denote by ϕ 1 (X) the class of all M V -algebras A such that the following condition is satisfied: (α) There exists a lattice ordered group G having a strong unit u such that G ∈ X and A = Γ(G, u).
In view of Lemma 5.4 and [17, Theorem 5.9] we have:
ÈÖÓÔÓ× Ø ÓÒ 3.6º ϕ 1 is a bijection of R a onto R m such that for each
Let K a and K m be as in Section 1. Thus K a ⊆ R a and K m ⊆ R m .
K-RADICAL CLASSES AND PRODUCT RADICAL CLASSES OF MV -ALGEBRAS
P r o o f. Assume that A ∈ Y and that A 1 is an M V -algebra with J 0 (A 1 ) J 0 (A ). We have to verify that A 1 belongs to Y . There exists G ∈ X such that G has a strong unit u and A = Γ(G, u). Further, there exists a unital abelian lattice ordered group (G 1 , u 1 ) such that  A 1 = Γ(G 1 , u 1 ) . In view of 3.5 we have
Applying a similar argument as in the above proof we obtain:
Consider the partial mapping ϕ = ϕ 1 K a . In view of 3.6, 3.7 and 3.8 we obtain:
The mapping ϕ is a bijection of K a onto K m such that, for each
Searching to describe the partial order in K m in more detail, it suffices, due to Theorem 3.9, to have a description of the partial order in K a .
The collection K of K-radical classes of lattice ordered groups (which need not be abelian) was studied in [11] ; K is partially ordered by the class-theoretical inclusion. Then K a is a subcollection of K and the partial order in K a is induced by that of K .
Several results of [11] concerning the partial order remain valid (with the same proofs) also for the case of K a . In some cases, the proofs are to be slightly modified (namely, in the cases when we are dealing with the existence of elements of K a having certain properties).
In 3.10.1-3.10.5 we present some results for K a which are implied by the corresponding results on K (without giving proofs).
Let S = {X i } i∈I be a subcollection of K a . If X is the least upper bound of S in K a , then we write X = i∈I X i . The notation X = i∈I X i has an analogous meaning.
3.10.1º
If S = {X i } i∈I is a nonempty subcollection of K a , then both i∈I and i∈I X i exist in K a .
In fact, applying the terminology of lattice theory, we can say that K a is a principal ideal of K (generated by the element G a of K ). All lattice ordered groups considered in the remaining part of the present section are assumed to be abelian.
JÁN JAKUBÍK

3.10.2º
Let S be as in 3.10.1 and X ∈ K a . Then
Let X ⊆ G . We denote by Sub X -the class of all convex -subgroups of lattice ordered groups belonging to X;
Join X -the class of all lattice ordered groups G having a system
Join c X -the class of all lattice ordered groups G having a system
Lat a X -the class of all lattice ordered groups G such that c(G) c(
Then T (X) belongs to K a ; it is said to be the radical class generated by X.
3.10.3º Let
X ⊆ G a . Then T (X) = Join c Sub X.
3.10.4º Let I be a nonempty class and for each i
For X ∈ K a let a(X) be the class of all Y ∈ K a such that X < Y and there is no Z ∈ K a with X < Z < Y . We say that the elements of a(X) are atoms over X. Further, let a (X) be the set of all Y ∈ K a such that X < Y and there is no atom Z over X with X < Z Y .
3.10.5º
Both a(R 0 ) and a (R 0 ) are proper classes.
The author would like to correct here a mistake in the terminology used in the paper [19] ; namely, the term 'K-radical class of lattice ordered groups' was incorrectly applied (a different type of radical classes was taken into account). An analogous correction concerns the terminology for GM V -algebras in [19] . As a result, the formulation of [19, Corollary 3.3 .1] should be modified.
Product radical classes
A radical class of lattice ordered groups is a product radical class (P -radical class, in short) if it is closed with respect to direct products (cf. [22] ). Analogously we define the notion of P -radical class of M V -algebras.
In the present section we deal with the relations between P -radical classes of abelian lattice ordered groups and P -radical classes of M V -algebras.
Let ϕ 1 be as in Section 3.
Ä ÑÑ 4.1º
Assume that X is a P -radical class of abelian lattice ordered groups.
Then ϕ 1 (X) is a P -radical class of M V -algebras.
P r o o f. In view of [17] , ϕ 1 (X) is a radical class of M V -algebras. Assume that (A i ) i∈I is an indexed system of elements of ϕ 1 (X). Put
For each i ∈ I there exists a unital abelian lattice ordered group
Let G 01 be the convex -subgroup of G 0 which is generated by the element u 0 . Hence u 0 is a strong unit of G 01 .
Since X is a P -radical class we have G 0 ∈ X. This yields that G 01 also belongs to X. Further, the relation A 0 = Γ(G 01 , u 0 ) is valid. Thus A 0 is an element of ϕ 1 (X). Hence ϕ 1 (x) is a P -radical class of M V -algebras. 1 (Y ) is abelian. Suppose that (G i , u i ) i∈I is an indexed system of unital lattice ordered groups belonging to X. Put
Since Y is closed with respect to direct products,
Let u 0 (g) be the element of G 0 such that (u 0 (g))(G i ) = m i u i for each i ∈ I. Further, let G 0 (g) be the convex -subgroup of G 0 which is generated by the element u 0 (g). Then we have
In view of the definition of radical class of lattice ordered groups we obtain G 0 ∈ X. Thus X is closed with respect to the direct products. Consequently, the class of all complete M V -algebras and the class of all completely distributive M V -algebras are P -radical classes.
A radical class of lattice ordered groups which is closed with respect to homomorphisms is a torsion class; this notion was introduced in [20] . A series of examples of torsion classes was presented in [3] .
The collection of all abelian P -radical classes of lattice ordered groups will be denoted by P a ; the symbol P m has an analogous meaning concerning radical classes of M V -algebras. Both these collections are partially ordered by the class-theoretical inclusion.
Let F be the class of all lattice ordered groups G such that each bounded disjoint subset of F is finite.
In view of [3] , F is a torsion class, hence it is a radical class. It is obvious that F fails to be closed with respect to direct products. Hence F is not a P -radical class.
Let F 1 be the class of all M V -algebras A such that each disjoint subset of A is finite. In view of the above facts concerning F we conclude that F 1 is a radical class of M V -algebras which fails to be a P -radical class.
The partial order in the collection P a was investigated in [22] . From Proposition 4.4 and from [22] we obtain:
